Abstract. Given a close 3-form H ∈ Ω 3 0 (M ), we define a twisted bracket on the space Γ(T M ) ⊕ Ω 2 0 (M ). We define the group of H-twisted Hamiltonian symmetries Ham(M, J; H) as well as Hamiltonian action of Lie group and moment map in the category of (twisted) generalized complex manifold, which leads to generalized complex reduction much the same way as symplectic reduction is constructed. The definitions and constructions are natural extensions of the corresponding ones in symplectic geometry. We describe cutting in generalized complex geometry to show that a general phenomenon in generalized geometry is that topology change is often accompanied by twisting (class) change.
Introduction
Generalized complex structures was introduced by Hitchin [7] and developed by Gualtieri in his thesis [6] . Much more work has been done since. This new structure specializes to complex and symplectic structures on two extremes and it is regarded as the natural category in which to consider constructions pertaining to both, e.g. mirror symmetry.
The group of Hamiltonian diffeomorphisms occupies a prominent place in symplectic geometry. Reduction via group actions and related constructions have been proved fruitful whenever they exist. The existence of such notions and constructions in generalized geometry would definitely be desired (e.g. [10] ). Unfortunately, as far as the author knows, a definition is still lacking for Hamiltonian-ness in the generalized complex category, so that it extends the corresponding notion in symplectic geometry while also deals with non-trivial twisting. The main results of this paper are the theorems 3.11 and 4.7: The symmetry group of generalized complex geometry, which is the basis of other generalized geometries, is the semi-direct product G = Diff(M ) ⋉ Ω 2 0 (M ), which contains Diff(M ) as a subgroup. We call Diff(M ) the pure subgroup, as it does not involve two forms. The group action is pure if the image of G → G lies in the pure group. The infinitesimal action, or the Lie algebra, is given by X = Γ(T M ) ⊕ Ω Generalized complex structures can be twisted by a closed 3-form H. Similarly, the Lie bracket on X can be twisted as well:
It's not clear to the author how to integrate such a bracket over the full space X and get a Lie group. The twisted bracket can be taken as [, ] shifted by ι · H, which is a linear isomorphism defined by H onX = Γ(T M ) ⊕ Ω 2 (M ). The shifting never preserves X in general. Nevertheless, the reasonable symmetries of H-twisted structures is G H = Diff H (M ) ⋉ Ω 2 0 (M ) where Diff H (M ) consists of the diffeomorphisms which preserves H with Lie algebra X H = Γ H (T M ) ⊕ Ω 2 0 (M ), then the shifting does preserve X H . We show that the twisted bracket is the natural choice when defining infinitesimal actions on twisted generalized complex manifold (cf. lemma 3.3) and the group G H is the natural symmetry group for twisted geometry.
One natural outcome of the twisted bracket is the definition of Hamiltonian action of Lie group on twisted generalized complex manifold (cf. definition 3.3). In symplectic geometry, Hamiltonian-ness is defined by the exactness equation ι X ω = dµ. Here a similar exactness equation involving the twisting form H has similar importance (cf. assumption 4.1 (0)), while it provides pure-ness instead of Hamiltonian-ness. We'd like to point out that although the action of G is pure, due to the twisted bracket, the infinitesimal action non-trivially involves the form component. Many authors (e.g. [6] , [1] and [5] ) have noticed that generalized complex manifold has a canonical Poisson structure. Our definition of moment map and Hamiltonian action coincides with the usual definition when restricted to Poisson category. On the other hand, as in symplectic geometry, we define the set of (H-twisted) Hamiltonian symmetries Ham(M, J; H) as the time-1 map of the "flow" generated by time-dependent H-twisted Hamiltonian functions. Then Ham(M, J; H) is a group (cf. theorem 3.11) and the Hamiltonian action of Lie group can be seen as morphism to the group of Hamiltonian symmetries.
With our definition of Hamiltonian action, we carry out reduction in generalized complex geometry. In fact, the reduced structure in the most general situation is usually an extended complex structure (cf. definition 2.3 and theorem 4.7), which is roughly a generalized complex structure on an extension of T M by T * M . With some extra conditions, in particular, when the action is pure, the extension split and the reduced structure can be non-canonically identified with a twisted generalized complex structure (cf. corollary 4.10). One notable fact of the construction is that the twisting form upstairs is not required to descend to the reduced manifold. Furthermore, the cohomology class of the twisting of the reduction does not depend on either the choice of the connection form or certain B-field action on the original manifold. When the group is torus, we also see that the twisting form h of the reduction satisfies a Duistermaat-Heckman type formula when the reduction moves in a component of the regular values. In §4.5, we compute the example of C 2 \ {(0, 0)} with nontrivially twisted generalized complex structure. With the generalized complex reduction in hand, other related construction and phenomena exhibit themselves, such as coupling structure, cutting, wall crossing (at least in S 1 -action) etc. As in the classical case, we may also weaken the condition of free action and instead have orbifold as reduced space. These we postpone to a later work. Here we only describe cutting to show that operations in the generalized geometry have a common feature, i.e. change of topology is accompanied by change of twisting (class).
Another very interesting example of twisting change accompanied with topology change is the T -duality with H-flux as described by Bouwknegt, et al [3] . As a first observation, we note that the assumption 4.1(3) + (0) for integral torus reduction to admit generalized complex structure (cf. definition 4.1 and corollary 4.14) gives the condition ι Xτ ι Xω H = 0 for the possibility of a torus being dualized in T -duality with H-flux. We are working on a construction which describes T -duality with reduction constructed in this article. The detail will appear in a coming paper [9] .
In the appendix, we collect various definitions and main theorems on Lie (bi)-algebroid and Courant algebroid.
With the assumption ξ µ = 0 or exact and twisting H = 0, the reduction construction also appeared in [13] , the main goal of which is to provide examples of bi-hermitian structures on reductions of C n . In [8] Hitchin described an example of generalized Kähler reduction. Another version of generalized complex reduction is given in [5] , which is based on a notion of generalized holomorphic map. In particular, the fibers over regular values of such map carry natural complex structure.
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A note on notations: There are lots of brackets in the following. We did not try to make them all look different, for which there would be too much clutter of notations. Instead, except in the appendix where various bundles are involved and we distinguish them by bundle subscripts, we only make the distinction of H-twisted brackets by adding subscript H. As to the spaces on which the brackets are defined, it should be clear from the context.
Twisted Lie brackets and extended complex structures
We start with the generalized complex structures. The definition of generalized almost complex structure can be roughly summarized as complex structure on the generalized tangent bundle. Let M be an even dimensional manifold, the generalized tangent bundle is defined as TM = T M ⊕T * M . A section of TM will be denoted as X +ξ, with X ∈ Γ(T M ) and ξ ∈ Γ(T * M ) = Ω 1 (M ). On TM , there is a natural inner product , given by the pairing between T M and T * M . A generalized almost complex structure is then an almost complex structure J on TM , which is orthogonal with respect to , . Equivalently, we can look at the complexified generalized tangent bundle T C M = TM ⊗ C and a generalized almost complex structure can also be defined by L, the +i-eigensubbundle of J. Such L is maximally isotropic, with real index 0, i.e. L ∩L = {0}. It then follows that
0 (M ), where 0 stands for dH = 0, the H-twisted Courant bracket on TM is given by
Then, an H-twisted generalized complex structure is a generalized almost complex structure J whose maximally isotropic subbundle L is H-twisted Courant involutive, i.e. the space of sections Γ(L) is closed under the H-twisted Courant bracket.
The symmetry group of H-twisted Courant bracket is the group of generalized symme- 
* ξ + ι λ * X α, while they give the same infinitesimal action. As convention, the Lie derivative is defined by
t ) * Y on vector fields. Suppose (λ, α) = (e tY , tB), then the infinitesimal action is given by differentiating (2.1)
We write the composition law (in our chosen convention for the action):
It follows that the subset Diff(M )× {0} is a subgroup, which will be called pure subgroup.
The elements in the diffeomorphism group are alternatively called purely geometrical in that they don't have B-fields. The usual process of determining the bracket of infinitesimal action gives the following bracket for the Lie algebra
It gives a lifting of the standard Lie bracket on Γ(T M ). There is exact sequence of groups
which implies that any subgroup of G has an underlying subgroup of diffeomorphisms. Let (λ t , α t ) be an 1-parameter subgroup of G, then λ t is an 1-parameter subgroup of diffeomorphisms generated by a vector field X.
, then we may express α t in terms of λ t , ultimately X, and A as:
Proof: By (2.3) and the group property we find
for any s, t, u ∈ R. Differentiate twice with respect to u and s and evaluate at 0 respectively, we arrive at
= A. Solving the above differential equation gives the lemma.
The twisted bracket [, ] H is also a lifting of the standard bracket on Γ(T M ) and [, ] 0 coincides with the Lie bracket (2.4). That [, ] H is a Lie bracket follows from the closedness of H. Direct computation shows the following:
The map ψ H never preserves X unless H = 0 when ψ H = id. Let 
In particular, for (X, A) ∈ X H , the 1-parameter subgroup generated by (X, A) is then given by e tψ −1 H (X,A) = e t(X,A−ιX H) and instead of (2.2), the H-twisted infinitesimal action is given by 
An extended complex structure can be roughly summarized as complex structure on an extended tangent bundle.
with inner product , and skew-symmetric bracket [, ] , which give T M a structure of Courant algebroid with 6.4 ). An extended almost complex structure J on T M is an almost complex structure on T M which is also orthogonal in the inner product , . Furthermore, J is integrable and is called extended complex structure if the +i-eigensubbundle L of J is involutive with respect to the bracket [, ] . The extended tangent bundle T M is split if the extension is split by some i : T M → T M , so that the image is isotropic.
In particular, the generalized tangent bundle is an extended tangent bundle and a twisted generalized (almost) complex structure is an extended (almost) complex structure. Similar as the case of generalized complex structure, the extended complex structure can be determined by the +i-eigenbundle L of J , which is maximally isotropic, with real index
Thus (L, L) gives rise to a Lie bi-algebroid. From the definition, we see that T * M is maximally isotropic in T M .
In particular, T * M is always involutive.
Proof: The first identity is because df generates T * M with f ∈ C ∞ (M ). We show the second one. Let Y = a(Y) for ∀Y ∈ Γ(T M ). Recall equation (6.12), we have
Use the first equation and pay attention to the
from which the second equation follows. Now carry out the same computations as in [6] , we see that Ω 
Hamiltonian symmetries
Some of the definitions and results in this and later sections could also be stated in terms of maximally isotropic subbundles (or subspaces), which often times can be more general as well. We choose to stay with the twisted generalized complex structure J in the main text while put the generalizations to the various remarks so that the idea is clear.
As shown by Gualtieri [6] , the infinitesimal Hamiltonian fields on a generalized complex manifold M can be defined by a complex valued function f :
, where d L is the Lie algebroid differential defined on L (see (6.4)), and the symmetry is generated by (X, dξ). Although the proposition 5.3 as stated in [6] is only for generalized complex structures, the proof can be adapted to work for the more general twisted cases. To put the above statement in rigorous standing, we need the following definition and lemma: Definition 3.1. Let M be an H-twisted generalized complex manifold and X +ξ ∈ Γ(TM ) where X ∈ Γ H (T M ). The H-twisted infinitesimal action generated by the field X + ξ is defined to be ψ
In particular, for the untwisted case, the generated action simplifies to the usual e t(X,dξ) . Replace the action used by Gualtieri with the above one and notice the following lemma, the proposition 5.3 in [6] is true for twisted case. From now on, whenever we deal with X H , the bracket is always the H-twisted version. A
Note that the restriction of [, ]
H and * H on L coincide and thus we only need to show that * H satisfies the following:
It follows from the similar equation for nontwisted Dorfman bracket A * B [6] and that dH = 0. Let C = Z + ζ, then
Direct computation shows that ι W I = −(dH)(X, Y, Z, W ) and finishes off the proof.
We state the relevant part of proposition 5.3 in [6] in our context:
It then follows that
, in which there is no contribution from ℜF . It motivates the following:
Lemma 3.3. {f, g} is a Poisson bracket and (M, J) is canonically a Poisson manifold (M, {, }).
We have
Separate the real and imaginary parts gives the first equation in (3.1).
To show that {, } is Poisson bracket, we compute the H-twisted Courant bracket of sections of the form
. The rest of the lemma then follows easily from these. Remark 3.4. As shown in [16] , any extended complex structure provides natural Poisson structure on the manifold M , with similar definition of the brackets. More precisely, let X f = a(J (df )) for f ∈ C ∞ (M ) and {f, g} = X f (g), then {, } is a Poisson bracket. Unravel the proofs in [16] we can see that the similar equation as shown in the lemma is true, i.e. [J (df ) + idf, J (dg) + idg] = J (d{f, g}) + id{f, g}. The proof of ι X f df = 0 in extended case is identical as above, while there is no corresponding equality for ι X f ξ f = 0 as the very definition of ξ f needs the extension to be split. 
Remark 3.5. First, we note that Hamiltonian action on (M, J) is Hamiltonian on the Poisson manifold (M, {, }) in the usual sense. What is extra here is the hidden 1-form symmetry and H-twisted bracket. In terms of maximal isotropic subbundle, the Hamiltonian condition can also be rephrased as following: there exists a G-invariant map µ : M → g * so that X µ +ξ µ +idµ ∈ Γ(L), which also satisfies the rest of the conditions. Now this point of view will generalize to the case when L doesn't correspond to a generalized complex structure, i.e. doesn't have real index 0. One such example is the moment map defined for closed 2-form used in constructing minimal coupling form via reduction for Hamiltonian fibrations associated to a principle bundle in symplectic category (see e.g. [17] ).
Proposition 3.6. Pure G action is Hamiltonian iff it's generalized Hamiltonian.
Proof: We only have to show that pure generalized Hamiltonian action preserves J. Let J be the tensor defining J, then L Xµ J = 0, which implies that G action preserves J.
is Hamiltonian iff L Xµ B = 0, for which case the moment maps coincide.
Proof: We only need to check the condition dξ
The following is obvious:
the diagonal action is Hamiltonian with moment map µ
Suppose that (λ t , α t ) ∈ G is a smooth path starting from identity, parameterized by t,
where
is the time-dependent vector field generating λ t . It follows that the lemma 2.1 can be generalized to Lemma 3.9. The path of generalized symmetries generated by (X t , A t ) is (λ t , α t ), where
H (Y t , dη t )) and path of generalized symmetries (λ t , α t ) (resp. (µ t , β t )). Suppose that (λ t , α t ) and (µ t , β t ) preserve J, then the path of composed generalized symmetries (τ t , γ t ) = (λ t µ t , µ * t α t + β t ) is generated by
where J(dF t ) = X t + ξ t and J(dG t ) = Y t + η t respectively, then dA t = dB t = 0 and it follows that dα t = dβ t = 0 for all t. Also by lemma 3.9, we haveα t = λ Consider (Z t , C t ) where Z t = X t + λ t * Y t generates ρ t = λ t µ t andγ t = ρ * t C t , then we only need to show that C t = dτ t − ι Zt H with J(dK t ) = Z t + τ t . We first computė
It follows that
By definition, we have
It follows that (
L) and the lemma follows by straight forward checking that
The above lemma generalizes the similar result in symplectic geometry for paths of Hamiltonian diffeomorphisms. Completely parallel to symplectic case, we make the following definition: 
Twisted reduction
4.1. General construction. Let G be a compact Lie group. Let M be H-twisted generalized complex manifold with a Hamiltonian G action with moment map µ :
A few words on the notations below. The subscript µ means that the associated object is valued in g * so that pairing with τ ∈ g gives the cooresponding object associated to τ . A expression such as θ ∧ ξ µ , with θ being g-valued connection form, invokes also the pairing between g and g * . Another equivalent way of unwinding θ ∧ ξ µ is to choose dual basis {τ i } and {τ * i } of g and g * and express
We list the assumptions that we'll use to construct reduction:
Remark 4.2. Condition (0) will be referred to as pure condition. We note the similarity of the pure condition to the exactness for Hamiltonian action in symplectic case, where dµ = ι Xµ ω. Some consequences of it is stated in lemma 4.4. In light of the twisted Lie bracket (2.6), condition (3) with (0) imply that ι Xτ ι Xω H = 0 on M 0 for all τ, ω ∈ g, which means that the twisted Lie bracket in fact coincides with usual bracket on the image of g, when restricted to M 0 . Condition (4) together with (0) imply that the equivariant form H + uξ µ ∈ Ω G (M 0 ) is equivariantly closed, where u is formal variable valued in g and ξ µ is regarded as valued in g * . In the situation of usual symplectic geometry, we note that the conditions (0), (3) and (4) 
* . We assume
as generalized complex structure. V u fits into the natural exact sequence, which splits non-canonically:
where a u is induced from projection V → V . Moreover, if (3) v j , g l = 0 for all j, l, the splitting map W u → V u can be defined by an element of ∧ 2 V * .
Proof: The subspace Ann(u, J V (u)) is obviously closed under J V . By the first assumption, V u is well defined. The inner product , descends to , u since (u, J V (u)) is null-space. Also J V descends to J u on V u and is again generalized complex with respect to , u . It follows from the first assumption that u j , v l = 0 for all pairs of j, l. The natural projection a : V → V gives projection
where v ± g stand for {v j ± g j } k j=1 . The fact that a u is surjective follows from the second assumption. Consider the natural projection induced from c : V → V * :
then it's obviously surjective. Injectivity is easy to check and thus c u is isomorphism. The inverse map c Proof: Now carry out the linear algebra for the bundles TM | M0 and df ∈ T * M | M0 . Consider the bundles over M 0 :
To see that T µ M 0 is well defined, we note that dµ τ , dµ ω = J(dµ τ ), J(dµ ω ) = 0 for all τ, ω ∈ g. Then dµ τ , J(dµ ω ) = ι Xω dµ τ = µ [ω,τ ] = 0 on M 0 gives assumption (1) of lemma 4.5. The assumption (2) of lemma 4.5 is given by (2) of the assumption 4.1. Then lemma 4.5 implies that J and , descends to T µ M 0 and gives almost generalized complex structure J µ with respect to , µ on the bundle. We also have the exact sequence:
The bundle T µ M 0 is G-equivariant since both Span{dµ, J(dµ)} and Ann(dµ, J(dµ)) are G-equivariant subbundles of TM . The bundle with structure (T µ M 0 , J µ , , µ ) descends to (T µ Q, J µ , , µ ) on Q. Obviously, J µ is both complex and symplectic with respect to , µ . Since W µ M 0 naturally identifies with π * (T Q), the exact sequence above descends:
The image of T * Q, i.e. ker a µ is maximally isotropic in the induced inner product. To split the pull-back sequence on M 0 , we choose a connection form θ on M 0 and define:
Let X + ξ and X ′ + ξ ′ be invariant sections of Ann(dµ, X µ + ξ µ ), i.e. the following vanishing is true:
and ditto for X ′ + ξ ′ . Direct computation shows that [X + ξ, X ′ + ξ ′ ] satisfies the above vanishing equations, i.e. is again invariant and in Ann(dµ, X µ + ξ µ ). It's easy to see that [X + ξ, dµ τ ] = 0 and we compute:
We point out that the computations in this paragraph only use the vanishing equations. Now (6.10) implies
and it follows that the H-twisted
is an extended complex structure on Q.
The above theorem gives the most general reduction construction, with the fewest assumptions. When more is assumed, the reduced structure will have better properties. We first show the effect of B-transform on M . 
Remark 4.9. Note that the condition on B 1 is automatic for G = S 1 . We point out that the form b might not be exact even if B 1 were exact. Suppose that G = S 1 and
where Ω is the curvature form of θ.
4.2.
Generalized complex structure. Let B = θ ∧ ξ µ be the 2-form defined locally near M 0 , where θ is a connection form extending that in the proof of theorem 4.7, apply the inverse transformation e −B , we see that the generalized complex structure J M = J obtains extra twisting and becomes H + dB-twisted. We have (2) and (4), the extended complex structure (T µ Q, J µ ) splits. With the pure condition (0), the locally defined form H + dB as above descends to the quotient and gives h-twisted generalized complex structure on Q, where Proof: Condition (4) implies that ι Xτ ι Xω B = 0 for all τ, ω ∈ g. Let J B = e −B Je B , then Ann(dµ, J B (dµ)) = Ann(dµ, X µ ) and the subquotient T µ,B M 0 is canonically identified to π * TQ, with structure J µ,B . The extension sequence naturally splits. By lemma 4.8, T µ Q is isomorphic to T µ,B Q and the structure J µ on T µ Q is −b-transformed from J µ,B , where π * b = −B + θ ∧ ι Xµ B = 0, i.e. J µ and J µ,B are identified by the bundle isomorphism induced from e −B . Since −B-transform is orthogonal we see that (T µ Q, J µ ) splits. Suppose in addition the pure condition. Since d(H + dB) = 0, we only have to compute
where L Xτ (θ ∧ξ µ ) = 0 follows from L Xτ ξ ω = ξ [τ,ω] , which follows from the pure condition. The last step uses condition (4) and the pure condition. Thus H + dB descends to Q, i.e. H + dB = π * h for some h ∈ Ω 3 0 (Q). The twisted Courant brackets obviously correspond. Now suppose furthermore assumption 4.1 (3). For a different connection θ ′ , we have Remark 4.11. Note that the proofs of theorem 4.7 and the subsequent lemma and corollary didn't make use of real index. With the remarks 3.5 and 4.6, which generalize definition 3.3 and lemma 4.5 to include maximal isotropic subspaces (or subbundles), not necessarily of real index 0, theorem 4.7 also has a corresponding version. It states that an integrable maximal isotropic subbundle L, for which the action is Hamiltonian with moment map, under the same set of assumptions, induces an integrable maximal isotropic subbundle L µ of T µ Q. Similarly, the corollary 4.10 in this situation states that L µ is h-twisted integrable. Remark 4.12. As with other types of reductions, the reduction over coadjoint orbits can be performed via shifting trick. Let O τ * be the coadjoint orbit passing through τ * ∈ g * , the condition 4.1 is then stated for g * τ * , where G τ * is the isotropy subgroup of coadjoint action at τ * .
Reduction in steps.
We consider here reduction in steps, where each intermediate step satisfies the condition of corollary 4.10, i.e. (0) − (2) and (4) of assumption 4.1, so that the reduced structure at each step is twisted generalized complex. We allow that condition (4) to be violated for the total group action. More concretely, consider the following simplest case. Suppose that H-twisted generalized complex manifold (M, J) admits Hamiltonian action of
that the conditions (0) − (2) and (4) of assumption 4.1 hold separately for both G i actions i = 1, 2, while (4) fails for the G action. We describe in the following the reduction in steps: π : (M, J)
Under our assumptions, the following is true:
and could be non-zero. By theorem 4.10, the reduced structure on Q 1 is h 1 -twisted generalized complex where π * 1 h 1 =H 1 = H + dB 1 . As in the proof of theorem 4.10, we consider the bundle with structure (
In particular, the action of G 2 on Q 1 with the reduced structure J 1 satisfies (0) − (2) and (4) of assumption 4.1.
, then corollary 4.10 states that the reduced structure J Q on Q is h-twisted generalized complex where
It's easy to check that the −B-transformed structure J B on M satisfies (0) − (2) and (4) of assumption 4.1 for the whole G action and in fact the reduction of J B at µ −1 (0) gives (Q, J Q ) as well. Reverse the roles of G 1 and G 2 in the above, we note that the final reduction is the same (Q, J Q ) as B is symmetric with respect to G 1 and G 2 .
4.4.
Torus. When G = T is commutative, i.e. torus, we see in lemma 4.4 that (4) implies (3) in assumption 4.1. We first show that a Duistermaat-Heckman type formula is true when reduced structure is twisted generalized complex.
Corollary 4.13. With the assumption 4.1, for G = T a torus, we have
and Ω is the curvature form of the principle T -bundle over Q.
Proof:
We compute:
where ξ µ = π * ζ µ by lemma 4.4 andh 0 = H − θ ∧ ι Xµ H is the horizontal part of H (assumption 4.1 (0) and (3) used).
From now on, we work under the assumption 4.1 (0) − (3), which is slightly weaker than the full assumption 4.1 in that for ω, τ ∈ g, ι Xω ξ τ = I(ω, τ ) ∈ R is not necessarily 0. It follows from pure condition that L Xω ξ τ = ξ [ω,τ ] = 0, i.e. ξ µ is invariant. We note that I ∈ ∧ 2 g * : 
Since rI is integral, we can choose integral basis {τ i , ω i , η j } m,s i=1,j=1 , where 2m+ s is the rank of G, and {a i > 0} m i=1 so that I(τ i , ω i ) = a i and I(η j , ·) = 0. Thus on µ −1 (0), the connection forms can be chosen as θ
ai and θ 0 j for the action of τ i , ω i and η j respectively. Let g + = Span({τ i }), g − = Span({ω i }), g 0 = Span({η j }) and the corresponding subgroups be G ±,0 respectively, then we are in the situation described in subsection 4.3, where we may take
and similarly e −B (X ωi +ξ ωi ) = X ωi .
Since ι Xη j B = 0 by construction, we find that e −B doesn't change ξ ηj . Thus the action of G on M with the −B-transformed generalized complex structure J B is Hamiltonian and satisfies all of assumption 4.1 and the reduction Q is twisted generalized complex. In fact, we see that the twisting form can be given by corollary 4.13 as h 0 + Ω 0 ∧ ζ 0 , where
is the curvature form of the principle G 0 -bundle over Q and ξ ηj = π * (ζ 0 ηj ). To see the dependence of B on the choices, we may write B = θ − ∧ ξ − . Let g 1 ⊂ g be an integral maximal isotropic subspace with respect to I, then it uniquely determines the orthogonal complement g 2 = g ⊥ 1 with respect to I, which we may take as g − . Then B can be defined by a choice of basis of g − , while is obviously independent of the choice. 4.5. Example. We give an example of Hamiltonian S 1 -action on a twisted generalized complex (in fact, it's generalized Kähler) manifold. As shown in Gualtieri [6] , the Hopf surface S does not admit any generalized Kähler structure without twisting. In [6] , it's also shown that a twisted generalized Kähler structure can be given for S. We will put S 1 -actions on M = C 2 \ {(0, 0)} with the generalized Kähler structure lifted from S, so that it is pure Hamiltonian with respect to one of the twisted generalized complex structures.
Recall that Hopf surface S = M/Z, where Z acts by scaling n • z = 2 n z. Let the metric on M be g = r −2g whereg is the standard metric on C 2 and r 2 = |z 1 | 2 + |z 2 | 2 , then it descends to S. We'll not say anything more about Hopf surface since we will mainly work on M . For more detail on how to get the following twisted generalized Kähler structure on S (and thus on M ), please consult [6] .
Let J = 0 1 −1 0 and z = (z 1 , z 2 ) = (x 1 + iy 1 , x 2 + iy 2 ) = (x 1 , y 1 , x 2 , y 2 ) be the coordinates in C 2 , then we may write down the two generalized complex structures on M as following:
where the labelling on rows are (T z 1 , T z 2 , T * z 1 , T * z 2 ) T They are both H-twisted generalized complex structures, where
It's shown in [6] that H represents nontrivial cohomology in M . In fact, let z 1 = re iφ1 sin λ and z 2 = re iφ2 cos λ, where λ ∈ [0,
and it's not hard to compute that J 1 (df ) = X 1 + ξ 1 where
Then X 1 generates the action of S 1 rotating the z 1 plane. Direct computation then shows that ι X1 H = dξ 1 , i.e. the action is pure. In fact, the same map f with respect to J 2 also gives pure Hamiltonian S 1 -action, which rotates z 2 plane in the negative direction. We write down the decomposition J 2 (df ) = X 2 + ξ 2 :
Note that the action of X j fixes {z j = 0}, where j = 1, 2. Thus the actions on the level set f −1 (ln r) always has a fixed S 1 . We may consider reduction on M 1 = C 2 \ {z 1 = 0}, for example, with respect to the action generated by X 1 . First of all, topologically, the quotient Q r is an open disc in C of radius r. Thus the generalized complex structure on it can't be twisted due to dimension reasons. In fact, in coordinates (λ, φ 1 , φ 2 ), we have on {|z| = r, z 1 = 0}:
Noting that the connection form on {|z| = r, z 1 = 0} can be chosen as dφ 1 , we find that the locally defined form H + dB is indeed 0. As our computation of H shows that H = −dB is true in the whole M 1 , the generalized complex structure we are reducing is in fact B-transformed from an untwisted one, say J
In matrices, we have
and rows of B is labelled as T * z 1 T * z 2 , and
It's then easy to check that J ′ 1 (df ) = X 1 and that the quotient structure on Q r , which is given by the boxed terms in J ′ 1 above, is the restriction of the opposite complex structure on C. In fact, we also see that J ′ 2 descends to quotient as well, becomes r −2 times the restriction of the opposite symplectic structure on C. In other words, the quotient Q r can be identified as the open unit disc D ⊂ C with the opposite Kähler structure. Similarly one may show that the reduction with respect to the action generated by X 2 gives open unit disc with the induced Kähler structure.
Remark 4.15. This example confirms the intuition that reduction should be basically reduction along the symplectic leaves of the corresponding Poisson structure. It also shows that the fixed point sets do not necessarily occur over the critical values of the moment map, as the function f in this case does not have any critical value in M . Furthermore, we notice that the actions on M can be pushed down to S. Of course, the actions on S are then no longer Hamiltonian, but they admit moment map with values in the group S 1 , which is simply the projection S → S 1 .
Generalized complex cutting
We describe here the cutting construction using the twisted generalized reduction. We only state it for S 1 -actions and C, while cutting with torus and toric varieties can be constructed similarly as in the classical symplectic case (cf. [14] , [12] ). Moreover, although we could be more general, we are going to insist on the full assumption 4.1, so that the reduction as well as the cutting will have twisted generalized complex structures. Let (M, J) be H-twisted generalized complex manifold with Hamiltonian S 1 -action, whose moment map is f . Let (C, ω) be the symplectic manifold with standard S 1 -action whose moment map is denoted g. By shifting the images, we may assume that the moment maps f and g have ranges [0, a] and [0, ∞) for some a > 0. Now consider M × C with the product generalized complex structureJ and moment map F = f + g : M × C → [0, ∞), thenJ is π * 1 H-twisted, where π 1 is projection to the first factor. Suppose that ǫ is regular value of f and S 1 acts freely on f −1 (ǫ), then theorem 4.10 provides a twisted generalized
where ∼ is the equivalent relation on the boundary given by S 1 -action. As sanity check, we first show:
We note the following map:
which identifies M × I × S 1 to a neighbourhood of the level set F −1 (ǫ), where φ(λ, m) is the action of λ ∈ S 1 on m and the coordinate on C is given by z = e 2πiλ √ 2a. Let the S 1 -action on the domain be trivial on the first and second factors and the multiplication on the third. Then Φ is equivariant. Furthermore, Φ• F = π 2 the projection to the second factor. Pull everything back to M × I × S 1 , then topologically the quotient is then simply projection to the first factor. Direct computation gives (Φ * J )(dπ 2 ) = ∂ ∂λ . The horizontal part of Φ * J , i.e. restriction to any M × {(a, λ)}, is identical to J due to invariance of J under S 1 action. Thus M − ǫ = M as twisted generalized complex manifold. To get the twisting form, we can also let dλ denote the trivial connection on F −1 (ǫ) and consider the form
For the general case, we note that the principle S 1 -bundle over M
trivializable while the associated C 1 -bundle of the principle S 1 -bundle over M − ǫ has Chern class the Poincaré dual of the reduced submanifold
so that ǫ − ǫ ′ is small enough and
with a neighbourhood of the normal bundle of Q ǫ in M − ǫ , where the action is linear on the fiber. Let
Let {λ 1 , λ 2 } be a partition of unity subordinates to the covering {U i }, so that λ i = 1 in U i \ (U 1 ∩ U 2 ). Let θ ǫ be the connection form on f −1 (ǫ) and define the reduction Q ǫ . Let θ 1 be the pull back of θ ǫ via the bundle projection to U 1 . Let θ 2 be the trivial connection and θ be the connection form on M Remark 5.3. We note that the cutting construction does not need S 1 -action on the whole manifold, instead, only a local S 1 -action near the cut suffices, just as the symplectic case. That change of twisting does occur with the change of level sets is easy to see, when we note the two extreme cases, M ǫ = ∅ and M ǫ = M .
Appendix
The material in this section is taken from [15] and [6] , where more details and references can be found. Everything here can be complexified and get the corresponding complex definition. 
is defined as: 
The contraction ι In [18] , it's shown that with (6.8) and (6.12), the Leibniz rule for D, i.e. D(f g) = f D(g) + D(f )g, implies the definition of D as well as (6.10) and (6.11 ). An example of Courant algebroid is TM with (H-twisted) Courant brackets and the natural inner product.
Definition 6.5. Let E be a Courant algebroid. A maximal isotropic (with respect to
, E ) and (Courant) involutive (with respect to [, ] E ) complex subbundle L ⊂ E is a Dirac structure associated to E.
In particular, a Dirac structure associated to a Courant algebroid is a Lie algebroid with the induced anchor map and bracket. The main theorems of [15] give correspondence between Lie bi-algebroid and Courant algebroid admitting transversal Dirac subbundles: 
